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ON L,-MINIMAL METRICS
BY -

S. T. RACHEV* (SANTA BARBARA, CALIFORNIA) AND A. SCHIEF (MUNICH)

Abstract. We obtain refine versions of the dual representations for

inf {[Ed”(X, Y)]'/P: Pry = P, Pry = 0}

{sup)

for probabiliﬁes P and Q on a separable metric space (U, d).

1. Introduction. Given a separable metric space (sms.) (U, d) let
2,(U) (p=1) be the space of all Borel probability measures (probabilities)
P on (U, d) with finite {d”(x, a)P(dx). For P, Qe2,(U) let 4 (P, Q) be
the set of all probabilities on U x U with fixed marginals P and Q. For .
ue.# (P, Q) let '

(L.1) &= T[] (x, y) uldx, dy)]"”
and let

(1.2) L(P, Q):=inf{%,(u): ue.# (P, Q)
(1.3) L,(P, Q):=sup{%,(1): peH# (P, Q)}.

The problem of dual and explicit solution for the minimal and maximal
%,-metrics, I, and L,, has a long history which goes back to the work

of G. Monge, C. Gini, M. Fréchet, W. Hoeffding and L. V. Kantorovich (see,
e.g., [12] and the survey [15]). The dual forms for I, and L, are given by

(1.4) 2P, Q) = sup {{fdP +{gdQ: (f. 9)€%,}.
(1.5) LA(P, Q) = inf{jfdP-I—jng: (f, g)Eg’;},

where ¢, (resp. 43) is the set of all pairs of bounded continuous functions on U
satisfying the dual conmstraint f(x)+g(y) <d?(x,y) (resp. f(xX)+g(y)=
> d?(x, y)) for all x,yeU (see [6], [9], [12]). While in the case p=1
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one can replace g with (—f) in (1.4), in general, for p > 1, there is no dual
representation for (1.4) as a (z-metric

(L6) (# (P, Q) = supl[fd(P—Q),

where & is a class of bounded continuous functions (see [107).

The aim of this paper is to obtain more informative dual representations
than (1.4) and (1.5) by showing that the supremum in (1.4) (resp. the infimum in
(1.5)) can be taken over smaller than %, (resp ¥}) set.

Basing on the Kantorovich representation [, = {y;,, with

Lip(1) = {f: U-R, f(x)—f(y) <d(x,y) Vx, yeU},
Szulga [18] made the conjecture that for P, Qe 2,(U)

7D L. Q=4S,(P,0):= sup [fIfPdP]""— [[1/1Pd0]".

Despite the fact that [, and AS, induce one and the same convergence
in 2,(U) we shall construct an example showing that Szulga’s conjecture
fails. We shall characterize the optimal solutions u in (1.3), ie., those
peM (P, Q) for which L,(P, Q)= %, (u). Finally we shall discuss some
open problems. ‘

2. Dual representations for minimal and maximal L -metrics. First, we
shall show that /5(P, Q) admits a dual form similar to that of {;(P, Q)
(cf. (1.6)) but with &# depending on P and Q. Denote by v, = (P—Q)* and
v, =(P—Q)” the positive and negative part of the Jordan decomposition
P—Q. Let A; be the support of (P—Q), and A, = U\A,. Define the set
Z,(P, Q) of functions f=f;1,,+f,1,,, where f; are bounded functions on 4,,
having finite Lipschitz norms

Lip (f;; A):=sup {| ;) —f;(MI/d (x, y): x # y, x, ye 4;} < 00

and satisfying the dual constraint
fi()=f,(0) <dP(x, y) Vxed,, yed,.
THEOREM 2.1. For any P, Qe2,(U),
21 5P, Q)= fE;‘:g,,Q)jfd(P‘Q)'

Proof. We start with the following dual representation for 5 (cf. (1.4)):
(22)  B(P, Q) = sup{[fdP+[gdQ: (f, g)e%,, Lip(f; U)+Lip(g; U) < 0}
(see [12]). Suppose first that
2.3) 'P(Az) =0(4,) =0. L
By (22), and since fl,,—gls,€%,(P, Q) for (f, 9)e%,, Lip(f; 4;) < o,




L ,-minimal metrics 313

Lip(g; A,) < oo, we have
24) B(P, Q) <sup{[fd(P-Q): feZF,(P, Q)}
< inf sup [(fom,—fom,)du

neM(P,Q) feF(P,Q)

<inf{ | dPdu: pe# (P, Q)} =inf{fd?du: pe.# (P, Q)}

Ay X Az
=P, Q).
To omit the assumption (2.3) set P = (P—Q)", 0=0Q-P*,y=P—P
= @—Q and recall that P(U\A4,) = Q(4,) =0. We then get
(*)  sup{[fd(P—Q): fe Z,(P, Q)} = sup {[fd(P-Q): fe #,(P, O)}
=&(P, )
= inf{{ d?dv: n,v = P, n,v = 0}
= inf {{ dPdy: pe.# (P, Q)}
=[5(P, Q).

The equality () can be shown as follows:
(=) Given v choose u by

p(B)=v(B)+¥(n; (B {x, x): xe u})-
(<) Given u choose v by v(B, x B,) =>/,¢(B1 x B,)—V(B; " B,). m

Remark. More interesting would be {z-representation for [, (not ) with
an & that depends only on the support of (P—Q)*. The next example shows
that this is impossible (cf. [10]).

ExampLE. Suppose I, = {,. Then for 0 <r <s<1 we have
L(rd,+ (1=7)8,, 58, + (1—5)3,)
— sup {[fd(r3,+ (1—1)6,—s5,~ (1—3)5,): fe F},
ie., .
(s—r)'"?d(a, by = sup {(s—r)(f(@)—f(b)): feF} = (s—r)const.
If d(a, b) > 0, this yields (s—r)!~*? = const, and thus p=1. =m

In the case p = 1, the representation (2.1) leads to [, (P, Q) = (yripay (s€€
[17], [7], [16]). Taking the dual form for I, Szulga’s conjecture seems
reasonable. First let us show that AS, and [, metrize one and the same
convergence in 2, (U). Let n be the Prokhorov metric

(2.5 =(P,Q)=inf{e>0: P(C) < Q(CY+¢ for all closed C = U},

where C° is an e-neighborhood of C.
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ProposITION 2.1. For any P, Qe %,(P, Q), p = 1, the following inequalities

hold:

(2.6) AS,(P, Q)< 1, (P, Q)
and

2.7) C,n* (P, Q) < AS,(P, Q)

where C, > 1/p-2°7"). In particular, for P, Pe®(U) the following are
equivalent: as n-— oo,

(a) l,(P,, P)—0,
(b) AS,(P,, P)—0,
(©) z(P,, P)-»0 and Id"(x, a)(P,— P)(dx)—0.

Proof. The inequality (2.6) is a consequence of the Minkovski inequality.
In fact, there exists a rich enough probability space (€2, o, Pr) such that the
space of laws Pry y coincides with the space of probabilities on U x U,
and thus

AS,(P, Q) = AS,(Pry, Pry) < [Ed? (X, Y)]'?,
which implies (2.6). To show (2.7) observe that for any closed C = U and
d(x, C)
€

fex) = max(O, 1— ) £€(0, 1),

we have _
P(C)V? < [[ f2dP]™ < Q(CY)*7+&~1 A4S, (P, Q).
If AS,(P, Q) < d:=C,?, then
P(C) < (Q(CY"P 4+ 45, (P, Q) < (Q(CY"7+C,ef’ < Q(C) +e.

The last inequality follows from (a”” +C,e) < a+eforany a, e€(0, 1). Letting
0— AS,(P, Q) we obtain (2.7). Next, (a)<>(c) (see [12]); (a) = (b) (cf. (2.6));
(b)=(c) by virtue of (2.7) and

45,(P, ) > ([ (x. @) P(x)"~ ([d° (x, ) 0 (d)"". =

Remark. If p is integer, one can get a better estimate for C,,
namely ‘

C,=./2-1, C,>1/2n, neN.

The first indication that Szulga’s conjecture is not valid comes from the
bound A4S, > C,n? and the corresponding bound for I, I, > n***/? Note that
both estimates have precise order.
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The next example shows that AS, # [,. For simplicity we consider the
case p=2. Let (U, d) = ([0, 1], |-)), P({O} =1-P({1})=1% and Q({0})= :
=1-0Q({1}) = % Then there exists pe.# (P, Q), %, () = (34(0, 1))'/* = 1/\/3 ’
and %, (P, Q)= 1/\/§ follow since, for any u = # (P, Q), % (1) = 1/\/3. For |
calculating AS, (P, Q), setting f(0) = a, f(1) = b, we have to maximize |¢ (a, b)l,

@:=Ga2+5H)2— (3a>+3H)Y?  on D = {(a, b): l|a—b| < 1}.

Since (0p/da = 0, dp/0b = 0)<>(a = b = 0) and the case a = b = 0 is trivial, we
have to look for the extrema of ¢ on 0D. We consider b = a—1 (the case
b=a+1 is similar). Set g(a) = ¢(a, a—1). Then g¢'(a) =0 iff

(a—%*(@*-%a+3) =(2a—%*(@*—%a+)

iff a = 4. Since g(3) =0, what is left is to cons1der the limiting behavior of
o(a, b) as a— + o0, |b— a <1,

¢(a, b)= (az+%a(b—a)+%(b—a)2)”2—(az+%a(l.)—a)+%(b—a))1/2
=((a+3(—a)*+3(b—a)?)"*—((a+3(b—a) +5(b—a)*)"

(b—a), a— + o,
—(b—a); a——oo0.

~

la| =

a+?;—a‘—|a+%(b—a)l={

In both cases, |p| <4, and thus AS,(P,Q)=3#L(P,Q) =1//3. =

- Qur next theorem is a refinement of the dual representation for L,
(cf. (1.5)) in the case of (U,d) being a separable Banach space,

d(x, y) = x—yl. ,
Let f be a function on U. The function f* on U is p-conjugate if
(2.8) f*):=sup {lx—yI*—~f(0}, yeU.
The pair (f, f*) satisfies the admissibility constraint in (1.5):
29 JG+f*() = [x—yll* ¥x, yeU.
If f** =(f*)* is the second p-conjugate, then
(2.10) f=**

Moreover, f** is convex and lower semicontinuous (Ls.c.).
THEOREM 2.2. For any P, Qe (U),p = 1,

(2.11)  L3(P, Q) = inf{[fdP+[gdQ: f, g convex ls.c. and

for all x, yeU, f(x)+g(y) = [x—ylI?}.

Proof The LHS (left-hand side) of (2.11) is obviously not greater than
the RHS (right-hand side). To show LHS > RHS for any (f, g)e ¥} (cf. (1.5)
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consider (f**, f***). Then, by (2.9) and (2.10),

g(y) = sup {[|x—yllP—f(x)} = f*(y) = ***(y),
f=f* and f**(x)+f***(y) > |x—y|?. This yiclds LHS > RHS. a
If (2, &/, Pr) is a nonatomic space, then
(2.12) L,(P, Q) =sup{(E |X—Y|?)'": Pry =P, Pry = Q}

and the supremum is attained for an “optimal” pair (X, Y) (cf. [14],
Theorem 8.1.1). We shall characterize the set of optimal pairs for (2.12). For
any function f on U let us put

(2.13) D,f(x):={yeU: f)+f*(») = |x—yl}.

The next corollary resembles Theorem 1 of Riischendorf and Rachev (see
[15], p. 334), characterizing the optimal measure for [, (P, Q).

COROLLARY 2.1. The pair (X,, Y,) with Pry, = P, Pry, = Q is optimal
Sfor (212) iff
(2.14) - YeD,f(X,) as.
for some ls.c. convex function f.

Proof. Suppose that X OIand Y, — with laws P and Q respectively —
satisfy (2.14). Then (X, Y;) is optimal since for any other X and Y with laws
P and Q we have

E|X-Y["<EfX)+Ef*(Y)= Ef(Xo)+Ef*(Yo)¥ E([Xo—Yol as.

Suppose now that (X, Y;) is an optimal pair. By Theorem 2.21 of [6] there

exist fo, go With [|foldP < oo, [|geldQ < oo satisfying fo(x)+g0(y) = [x—y|”
such that

[fodP+[ godQ = inf {[fdP+ [ gdQ: [|f]dP < oo, [lgldQ < oo,
f6)+g () = Ix =yl for all x, yeU}.

As in Theorem 2.2 we conclude that (f§*, f&**) is also optimal, and thus
|Xo— Yoll? = f§* (Xo) +/§** (Yo) a5, i, Yo€D,(f§*) as. m

Next we consider the special case p=2 and U = R* with Euclidean
norm | |. Then

215) L3(P, Q) =sup{E|X—Y|?: Pry =P, Pr, = Q}
—E | X|>+E|Y|?=2inf{E(X, Y>: Pry =P, Pr, = Q}.
For any f on R* define the lower conjugate

S () = inf {<x, p>—=f()}




L,-minimal metrics 317
(see [4], p. 172) and let
J) = sup {<x, > =00}

Then f, = —g,, where g,(x) = —f(—x).

COROLLARY 2.2. Let P, Qe %, (R¥). Then the random vectors X, Y, with
laws P and Q, respectively, attain the supremum in (2.15) if and only if

(2.16) fX o)+, (Yo) = (X, Yo) Preas.

for some upper semicontinuous concave function f.
The proof is similar to that of Corollary 2.1, and thus omitted.
Denote the subdifferential of f in x by

of (x) = {yeR": f(x)+f(y) = <x, y>}.
Then (2.16) is equivalent to
(2.17) Y,edg(—X,) Pr-as.

for some convex ls.c. function g.

ExampLE. Let P and @ be Gaussian measures on R* with means 1, and r1,
and nonsigular covariance matrices X, and X,, respectively. Then

B Q) = i (T (Z) =20 [(V/F 25/ 2) ]
(see [11], [31, [2]) and

L3(P, Q) = |y v +tr(Z_)+tr(E-p)+2tr [(Z 1 2 /2 )",
where X_, is the covariance matrix of P(—dx).

OpPeN PROBLEM 1. The Kantorovich metric I, admits a %, represen-
tation. Is it true that

(218) L,(P, Q) =inf{{ fd(P,+P,): f: U-R, Lip(f; U) < o0 and
f+f(y) = d(x, y) Vx, yeU}?

On (U, d) = (R, ||) the equality (2.18) holds. In fact, if F and G are the
distribution functions of P and @, then

A(P, Q):=sup{E|X —Y|: Pry+Pry = P+Q}
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1
=L (P,Q)=[IF ' (x)—G™'(1—x)dx
0

= T [x —a|(F + G)(dx)

=sup {E|X —a|+E|Y—a|: Pry+Pr,=P+0} = a(P,, P,),

where a is the intersection point of the completed graphs of F and G (see [14],
p. 173). The dual representation for (P, Q) equals the right-hand side of (2.16)
(with d(x, y) = |x~y|); see [14], Remark 8.1.1, and Kellerer [7], which
completes the proof of (2.16) in this particular case.

OPEN PROBLEM 2. Theorem 2.1 provides the dual form for
B(P, Q) =pinf{| Pr(d(X, Y)>¢t)t* " 'dt: Pry =P, Pr, = Q}
Y]

What is the dual representation for
AB(P, Q) = inf {sup[Pr (d(X, Y) > t)t* ']: Pry =P, Pry = Q}?
t>0
For any p > 1, A, is a metric. By the Strassen-Dudley theorem (see [1]) we
have

AL(P, Q) < tsgtgt"‘1 inf {Pr(d(X, Y) > ¢): Pry =P, Pr, = Q}
= supt? ! sup {[P(A)—Q(A‘)]: closed C < U} =:Y5(P, Q).
t>0

The metrics 4, and Y, metrize one and the same topology (see [13] and (3D
The dlfference between 4, and Y, was first pointed out by R. Shortt in a private
communication. Here we provide one example. Set

Pr(X=0=1-Pr(X=1)=a and Pr(Y=1)=1—Pr(Y=2)=§.
The joint distribution of X and Y is then determined by
Pr(X=0,Y=1)=a O<a<}) Pr(X=0,Y=2)=1—q,
PriX=1=Y)=4—a, PrX=1,Y=2=a.

Thus, for P = Pry, Q = Pry,
AB(P, Q)= inf max{ max Pr(lX Y| >0t
O<a<1/2 0<t<
' max Pr(lX Y| >t)er 1}

1<

= inf max{3+a, 2" ' G—a)} = $[1+ @21 —1)/2r T4 1]

0<a<1/2
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On the other hand,

Y2(P, Q) = max{ sup inf Pr(X-Y|>tr 1,

0<t<l1 O0<a<1/2

sup inf Pr(X-Y|> P!}

1<1<2 0<a<1)2

=max{ sup inf G+l
0<t<10<a<1/2

'sup inf 227'(F—o)P T} =1
1€1<20<a<1/2
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